In the classical multiple-relaxation-time (MRT) lattice Boltzmann (LB) method, the transformation matrix is formed by constructing a set of orthogonal basis vectors. In this paper, a theoretical and numerical study is 
I. INTRODUCTION
The lattice Boltzmann (LB) method is becoming an increasingly important numerical approach for a wide range of phenomena and processes [1] [2] [3] [4] [5] [6] [7] [8] . This method is based on the mesoscopic kinetic equation for particle distribution function. It simulates fluid flow by tracking the evolution of the particle distribution function, and then the macroscopic averaged properties are obtained by accumulating the distribution function. Compared with the conventional numerical methods, which are based on the direct discretization of macroscopic governing equations, the LB method exhibits some distinctive advantages, such as its inherent parallelizability on multiple processors and easy implementation of fluid-fluid/fluid-solid interactions. In addition, in the conventional numerical methods the convection terms of governing equations are non-linear, while in the LB method the convection terms are linear and the viscous effect is modeled through a linearized collision operator, such as the Bhatnagar-Gross-Krook (BGK) collision operator [2, 9] , the multiple-relaxation-time (MRT) collision operator [10] [11] [12] [13] [14] [15] [16] , and the two-relaxation-time (TRT) collision operator [17] [18] [19] [20] .
Owing to its simplicity, the BGK collision operator is the most frequently used collision operator in the LB community. However, the LB equation using the BGK collision operator is usually found to have stability issues when the viscosity of the fluid is reduced or the Reynolds number is increased. The TRT collision operator is based on the decomposition of the population solution into its symmetric and anti-symmetric components and employs two relaxation parameters to relax the particle distribution function [17, 18] . The MRT collision operator is an important extension of the relaxation LB method proposed by Higuera et al. [21, 22] . The basic idea behind the MRT collision operator is a mapping from the discrete velocity space to the moment space via a transformation matrix M , which allows the moments to be relaxed with individual rates [10] [11] [12] . The MRT collision operator has been extensively demonstrated to be capable of improving the numerical stability of LB models by carefully separating the relaxation rates of hydrodynamic and non-hydrodynamic moments [23, 24] .
The TRT collision operator has certain advantages over the BGK collision operator in terms of numerical stability and accuracy [25] while retaining the simplicity of the BGK collision operator in terms of implementation.
In the literature, the Gram-Schmidt procedure [10, 11] is often employed to construct a set of orthogonal basis vectors to form the transformation matrix for an MRT-LB model. This procedure starts with the vectors for the conserved moments (density and momentum). The subsequent step is to take a combination of the velocity vectors  e of appropriate order and find the coefficients in such a way that the resulting vector is orthogonal to all the previously found ones [26] . Through the transformation matrix, the particle distribution function can be projected onto the moment space, where the moments are relaxed with individual rates. The relaxed moments are then transformed back to the discrete velocity space and the streaming step of the LB equation is implemented as usual. In most of the existing MRT-LB models, the transformation matrix is an orthogonal matrix. Recently, some research [27] [28] [29] showed that the transformation matrix of an MRT-LB model is not necessary to be an orthogonal one. A non-orthogonal transformation matrix for the two-dimensional nine-velocity (D2Q9) lattice can be found in Refs. [27] [28] [29] . Moreover, De Rosis [30] showed that a non-orthogonal basis of moments is also efficient in the central-moment-based LB method. Usually, the transformation matrix of a non-orthogonal MRT collision operator is simpler than that of an orthogonal MRT collision operator.
The aim of the present study is to develop a three-dimensional non-orthogonal MRT-LB model and investigate its capability and efficiency for simulating multiphase flows. A non-orthogonal MRT collision operator is devised based on a set of non-orthogonal basis vectors for the three-dimensional nineteen-velocity (D3Q19) lattice. The transformation matrix and its inverse matrix are considerably simplified. The rest of the present paper is organized as follows. The three-dimensional non-orthogonal MRT-LB model is proposed in Section II. Theoretical analysis of the non-orthogonal MRT-LB model is presented in Section III. Numerical investigation is carried out in Section IV and finally a brief summary is given in Section V. 
where F is the total force exerted on the system. In the pseudopotential multiphase LB approach, the pseudopotential interaction force is given by [6] :
where G is the interaction strength,    x is the pseudopotential, and w  are the weights. For the D3Q19 lattice, the weights w  in Eq. (15) are given by 1 Using the square-root-form pseudopotential, the pseudopotential multiphase LB model usually suffers from the problem of thermodynamic inconsistency [37] , namely the coexistence curve predicted by the pseudopotential LB model is inconsistent with that given by the Maxwell equal-area law. To solve this problem, Li et al. [38, 39] proposed that the thermodynamic consistency can be achieved by adjusting the mechanical stability condition of the pseudopotential LB model through an improved forcing scheme. Moreover, in the original pseudopotential LB model the surface tension is dependent on the density ratio. An alternative approach has been developed by Li and Luo [40] to decouple the surface tension from the density ratio. [42] , Lycett-Brown and Luo [43] , and Ammar et al. [44] .
To achieve thermodynamic consistency, the fifth moment of the forcing term S in Eq. (14) can be changed to   
where the constant  is employed to adjust the mechanical stability condition of the pseudopotential LB model [39, 41, 42] .
III. Theoretical analysis
In this section, the Chapman-Enskog analysis is performed for the three-dimensional non-orthogonal MRT-LB model, which can be implemented by introducing the following multi-scale expansions:
The Taylor series expansion of Eq. (1) yields
Using the multi-scale expansions, Eq. (18) can be rewritten in the consecutive orders of t  as follows:
Multiplying Eqs. (19) and (20) by the transformation matrix M leads to the following equations: 
The 
  
Substituting Eq. (13) into the above equations leads to 
          
Meanwhile, according to Eq. (21) 
Substituting Eqs. (13) and (14) into Eqs. (36)- (41) yields
The equilibrium moments   can also be found in the classical orthogonal MRT-LB models [12] . It can be readily verified that
Eqs. (43)- (47) are consistent with those obtained from the orthogonal MRT-LB models [12] . The difference lies in the form of Eq. (42) . In the present non-orthogonal MRT-LB model, the equilibrium moment related to the energy mode is given by 
By combining Eq. (42) 
, it can be found that Eq. (49) and Eq. (48) are identical.
With the help of Eqs. (28)- (31), we can derive the following equations from Eqs. (42)- (47) (the third-order velocity terms are neglected according to the low Mach number limit):
Substituting Eq. (50) into Eqs. (33)- (35) and then multiplying the results with t  , we can obtain
where the dynamic shear viscosity  and the bulk viscosity b  are given by
Combining Eq. (28) with Eq. (32) through
Similarly, combining Eqs. (29)- (31) with Eqs. (51)- (53), we can obtain the Navier-Stokes equation as follows:
The above analysis clearly shows that the macroscopic equations at the Navier-Stokes level can be correctly recovered from the three-dimensional non-orthogonal MRT-LB model in the low Mach number limit. Note that, when the square-root-form pseudopotential is employed, the fifth moment of the forcing term is given by Eq. (16), which will introduce an additional term into the Navier-Stokes equation to modify the pressure tensor and adjust the mechanical stability condition of the pseudopotential LB model [39, 41, 42] .
IV. Numerical simulations
In this section, numerical simulations are carried out to investigate the capability and efficiency of the three dimensional non-orthogonal MRT-LB model for simulating multiphase flows. In particular, comparisons between the non-orthogonal MRT-LB model and the usual orthogonal MRT-LB model will be made so as to identify whether the non-orthogonal MRT-LB model can serve as an alternative to the usual orthogonal MRT-LB model.
The exponential-form pseudopotential is employed in Sec. A to Sec. C and the simulations using the square-root-form pseudopotential are performed in the last two subsections.
A. Phase separation
First, we consider three-dimensional phase separation in a cubic domain of 120 120 120   with periodic boundary conditions in all directions. The exponential-form pseudopotential    
For such a pseudopotential, the thermodynamic consistency or the Maxwell equal-area law is satisfied as long as the macroscopic equations at the Navier-Stokes level are correctly recovered. Some previous studies [45, 46] have shown that the numerical coexistence densities produced by the pseudopotential LB model are very sensitive to the error terms in the recovered macroscopic equations. In the present study, we adopt 0 1   , 0 1   , and are displayed in Fig. 1 . During the phase separation process, the system changes from single phase to two phases. The equilibrium state of the system can be observed in Fig. 1(d) , which is taken at 8000 t t  
. From Fig. 1(d) 
implies the numerical stability of the MRT-LB method is retained when employing a non-orthogonal MRT collision operator to simplify the implementation. R is the droplet radius, and  is the surface tension. When the surface tension is given, the pressure difference is proportional to orthogonal MRT-LB models are compared in Fig. 3 , from which no significant differences are observed between the results of the two models. In addition, for both models it can be found that the maximum spurious velocity increases significantly when reduced by using high-order isotropic gradient operators to calculate the interaction force or widening the interface [6] .
C. Contact angles
The capability of the three-dimensional non-orthogonal MRT-LB model for simulating contact angles is examined in this subsection. There have been many studies of wetting phenomena using the pseudopotential multiphase LB method [6] and applying a fluid-solid interaction to implement contact angles is the most frequently used treatment in the pseudopotential LB method, which was introduced by Martys and Chen in 1996 [47] . Since then different types of fluid-solid interactions have been developed, which have been reviewed in Ref. [48] . In recent years, the geometric formulation [49, 50] , originally devised for implementing contact angles in the phase-field method, has also been applied to the pseudopotential LB method [51, 52] . In three-dimensional space, the geometric formulation for the pseudopotential LB method can be given by [52]   o , ,0 , ,2 a tan 90
where
 is an analytically prescribed contact angle, and , ,0 In our simulations, the grid system is taken as 160 160 120 
D. The square-root-form pseudopotential
In this subsection, some simulations are performed using the square-root-form pseudopotential. A comprehensive review of the pseudopotential multiphase LB method using this type of pseudopotentials can be found in Ref. [6] . Here the Carnahan-Starling (C-S) equation of state is adopted [36]       . Using the square-root-form pseudopotential, the only requirement for G is to ensure that the whole term inside the square root is positive.
The parameters R and b are taken as 1 R  and 4 b  , respectively. But note that the interface thickness can be adjusted by tuning the parameter a in the equation of state [39] .
First, the numerical coexistence curve predicted by the non-orthogonal MRT-LB model is compared with the analytical coexistence curve given by the Maxwell equal-area law through simulating flat interfaces. The grid system is taken as 100 100 100 , and the density field is initialized as follows: , which yields an interface thickness around five lattices [39] . The constant  in Eq. (16) is chosen as 0.105, which is different from the value of  for flat interfaces because the Maxwell equal-area law is theoretically established for the cases in which the pressure of liquid phase is equal to that of vapor phase, while the pressure difference across a curved interface is non-zero according to the Laplace law. An investigation of this issue can be found in Ref. [37] . Meanwhile, it can also be observed that there are some slight differences between the two models in the vapor density and these differences are larger than those in Table I,   is the same as the density ratio, i.e.,
In the literature [39, 48] it has been shown that, besides widening the interface and using high-order isotropic gradient operator to calculate the interaction force, increasing the ratio V L   can also reduce the spurious velocities in the cases of large density ratios. For example, when the liquid kinematic viscosity is taken as 0.01
for the liquid phase), we find that the maximum spurious velocity can be reduced from about 0.04 to about 0.006 when the ratio V L   increases from 1 to 10 .
E. Droplet impingement on a flat surface
Finally, we consider a dynamic test, the impingement of a droplet with an initial velocity on a flat surface, so as to validate the capability of the three-dimensional non-orthogonal MRT-LB model for simulating multiphase flows at large density ratios. Impingement of droplets on solid surfaces is a very important phenomenon in many engineering applications, ranging from ink-jet printing to spray cooling. In our simulations, the computational domain is taken as 300 300 150 We
where We and Re are the Weber number and the Reynolds number, respectively. Besides, another non-dimensional parameter can also be found in some studies, i.e., the Ohnesorge number
which is related to the Weber number and the Reynolds number via Oh We Re  .
In this test, the density ratio is chosen as 800 ). After reaching the maximum spreading diameter, the lamella begins to retract because of the surface tension. All of these observations agree well with those reported in the previous experimental and numerical studies [41, [53] [54] [55] . . The figure shows that our numerical results are in good agreement with the experimental correlation/data in the previous studies, which demonstrates the capability of the three-dimensional non-orthogonal MRT-LB for simulating multiphase flows at large density ratios. 
Fig. 8
Comparison of the maximum spreading factor between the present simulation results, the experimental correlation in Ref. [53] , and the experimental data in Ref. [54] .
V. Summary
A theoretical and numerical study has been performed to investigate the capability and efficiency of a In this Appendix, the three-dimensional non-orthogonal MRT-LB model is compared with the usual orthogonal MRT-LB model in terms of the computational cost and the Mach number effect through modeling the three-dimensional lid-driven cavity flow [56] . The grid system is taken as Table III . From the table it can be seen that the non-orthogonal MRT-LB model is about 15% faster than the orthogonal MRT-LB model. 
